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Abstract

We carry out an experimentalanalysisof a numberof shortestpath (rout-
ing) algorithmsinvestigatedin thecontext of the TRANSIMS (TRansportation
ANalysis andSIMulation System)project. The main focusof the paperis to
studyhow variousheuristicandexact solutions,associateddatastructuresaf-
fectedthe computationalperformanceof the softwaredevelopedespeciallyfor
realistictransportationnetworks.For thispurposewehaveusedDallasFt-Worth
roadnetwork with very high degreeof resolution.Thefollowing generalresults
areobtained.

1. We discussandexperimentallyanalyzevariousone-oneshortestpathalgo-
rithms. Theseincludeclassicalexactalgorithmsstudiedin theliteratureas
well asheuristicsolutionsthataredesignedto takeinto accountthegeomet-
ric structureof theinput instances.

2. We describea numberof extensionsto the basicshortestpathalgorithm.
Theseextensionswere primarily motivatedby practicalproblemsarising
in TRANSIMS andITS (IntelligentTransportationSystems)relatedtech-
nologies.Extensionsdiscussedinclude– (i) Timedependentnetworks,(ii)
multi-modalnetworks,(iii) networkswith public transportationandassoci-
atedschedules.

Computationalresultsareprovidedto empiricallycomparetheefficiency of
variousalgorithms.Our studiesindicatethata modifiedDijkstra’s algorithmis
computationallyfastandanexcellentcandidatefor usein varioustransportation
planningapplicationsaswell asITS relatedtechnologies.
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1 Intr oduction

TRANSIMS is a multi-yearprojectat the Los AlamosNationalLaboratoryand is fundedby the
Departmentof Transportationandby the EnvironmentalProtectionAgency. The main purposeof
TRANSIMS is to develop new methodsfor studyingtransportationplanningquestions.A typical
exampleof a questionthatcanbestudiedin this context would beto studytheeconomicandsocial
impactof building a new freeway in a largemetropolitanarea.We referthereaderto [TR+95a] and
the web-sitehttp://www-transims.tsasa.lanl.gov/research team/papers/ for
moredetailsabouttheTRANSIMSproject.

Themaingoalof thepaperis to describethecomputationalexperiencesin engineeringvarious
pathfinding algorithmsspecificallyin thecontext of TRANSIMS.Most of thealgorithmsdiscussed
herearenot new; they have beendiscussedin theOperationsResearchandComputerSciencecom-
munity. Although extensive researchhasbeendoneon theoreticalandexperimentalevaluationof
shortestpathalgorithms,mostof theempiricalresearchhasfocusedonrandomlygeneratednetworks,
specialclassesof networkssuchasgrids.In contrast,notmuchwork hasbeendoneto studythecom-
putationalbehavior of shortestpathandrelatedroutingalgorithmson realistictraffic networks. The
realisticnetworksdiffer with randomnetworksaswell ashomogeneous(structurednetworks)in the
following significantways:
(i) Realisticnetworkstypically haveavery low averagedegree.In factin ourcasetheaveragedegree

of thenetwork wasaround2.6. Similar numbershave beenreportedin [ZN98]. In contrastrandom
networksusedin [Pa84] have in somecasesaveragedegreeof up to 10.
(ii) Realisticnetworks arenot very uniform. In fact, one typically seesoneor two large clusters

(downtown andneighboringareas)andthensmall clustersspreadout throughouttheentireareaof
interest.
(iii) For mostempiricalstudieswith randomnetworks, the edgeweightsarechosenindependently

anduniformly at randomfrom a given interval. In contrast,realisticnetworks typically have short
links.

With theabove reasonsandspecificapplicationin mind, themainfocusof this paperis to carry
outexperimentalanalysisof anumberof shortestpathalgorithmsonrealtransportationnetwork and
subjectto practicalconstraintsimposedby theoverall system.

Therestof thereportis organizedasfollows. Section5 describesour experimentalsetup.Sec-
tion 6 describestheexperimentalresultsobtained.Finally, in Section8 we give concludingremarks
anddirectionsfor future research.We have alsoincludedanAppendix(Section8.1) thatdescribes
therelevantalgorithmsfor findingshortestpathsin detail.

2 Problemspecificationand justification

Theproblemsdiscussedabove canbe formally describedasfollows: let �����	��

� bea (un)directed
graph. Eachedge ����
 hasoneattribute — �
����� . �
����� denotestheweightof theedge(or cost)
� . Here,we assumethat theweightsarenon-negative floatingpoint numbers.Most of our positive
resultscanin factbeextendedto handlenegative edgeweightsalso(if therearenonegative cycles).

Definition 2.1 One-OneShortestPath:
Givena directedweighted,graph � , a sourcedestinationpair ��������� find a shortest(with respectto
� ) path � in � from � to � .
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Notethatour experimentsarecarriedout for shortestpathbetweena pair of nodes,asagainstto
findingshortestpathtrees.Muchof theliteratureonexperimentalanalysisusesthelattermeasureto
gaugetheefficiency. Ourchoicefor themeasureis motivatedby thefollowing observations:

1. Wewantedtherouteplanerto work for roughlyamillion travelers.In highlydetailednetworks,
mostof thesetravelershavedifferentstartingpoints(for example,for Portlandwehave1.5mil-
lion travelersand200000 possiblestartinglocations). Thus,for any given startinglocation,
wecouldre-usethetreecomputationonly for of theorderof tenothertravelers.

2. We wantedour algorithmsto beextensibleto take additionalelementsinto account.For ex-
ample,eachsuchtraveler typically hasa differentstartingtime for his/hertrip. Sincewe use
ouralgorithmsfor timedependentnetworks(networksin whichedgeweightsvarywith time),
theshortestpathtreewill bedifferentfor eachtraveler. Anotherexamplein this context is to
find pathsfor travelersin network with multiple modechoices.In this context, we aregiven
adirectedlabeled,weighted,graph � representinga transportationnetwork with thelabelson
edgesrepresentingthevariousmodalattributes(e.g.a label � might representa rail line). The
goal is typically to find shortest(simple)pathssubjectto certainlabelingconstraintson the
setof feasiblepaths. In general,thecriteria for pathselectionvary somuchfrom traveler to
traveler that it becomesdoubtful that theadditionaloverheadfor the “re-use”of information
will payoff.

3. The TRANSIMS framework allows us to usepathsthat are not necessarilyoptimal. This
motivatesinvestigationinto thepossibleuseof heuristicsolutionsfor obtainingnearoptimal
paths(e.g. themodified ��� algorithm).For mostof theseheuristics,theideais to biasa more
focusedsearchtowardsthedestination– thusnaturallymotivatingthestudyof one-oneshortest
pathalgorithms.

4. Finally, the networks we anticipateto dealwith containmorethan80000 nodesandaround
120000edges.For suchnetworksstoringshortestpathtreesamountsto hugememoryover-
heads.

3 Choiceof algorithms

Importantobjectivesusedto evaluatethe performanceof the algorithmsinclude(i) time taken for
computationon realnetworks,(ii) quality of solutionobtained,(iii) easeof implementationand(iv)
extensibility of the algorithm for solving other variantsof the shortestpath problem. A number
interestingengineeringquestionswereencounteredin the process.We experimentallyevaluateda
numberof variantsof basicDijkstra’s algorithm.Thebasicalgorithmwaschosendueto therecom-
mendationsmadein Cherkassky, Goldberg andRadzik[CGR96]andZhanandNoon[ZN98]. The
algorithmsstudiedwere:

� Dijkstra’s algorithmwith BinaryHeaps[CGR96],

� � � algorithmproposedin AI literatureandanalyzedby Sedgewick andVitter [SV86],

� amodificationof the � � algorithmthatwewill describebelow, andalludedto in [SV86].
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We alsoconsidereda bidirectionalversionof Dijkstra’s algorithmdescribedin [Ma, LR89]. We
briefly recall the ��� algorithmandthe modificationproposed.Detailsof thesealgorithmscanbe
found in the Appendix. When the underlyingnetwork is Euclidean,it is possibleto improve the
averagecaseperformanceof Dijkstra’s algorithm.Typically, while solvingproblemsonsuchgraphs,
theinherentgeometricinformationis ignoredby theclassicalpathfindingalgorithms.Thebasicidea
of improving the performanceof Dijkstra’s algorithmis from Sedgewick andVitter [SV86] andis
originally attributedto Hart NilssonandRaphel[HNR68] canbe describedasfollows. To build a
shortestpathfrom � to � , we usethe original distanceestimatefor the fringe vertex suchas  , i.e.
from � to  (asbefore)plustheEuclideandistancefrom  to � . Thusweuseglobalinformationabout
the graphto guideour searchfor shortestpathfrom � to � . The resultingalgorithmtypically runs
muchfasterthanDijkstra’s algorithmon typical graphsfor the following intuitive reasons:(i) The
shortestpathtreegrowsin thedirectionof � and(ii) Thesearchof theshortestpathcanbeterminated
assoonas � is addedto theshortestpathtree.

We cannow modify this algorithmby giving anappropriateweightto to thedistancefrom  to
� . By choosinganappropriatemultiplicative factor, we canincreasethecontribution of thesecond
componentin calculatingthelabelof avertex. Fromaintuitive standpointthiscorrespondsto giving
thedestinationahighpotential,in effectbiasingthesearchtowardsthedestination.Thismodification
will in generalnot yield shortestpaths,neverthelessour experimentalresultssuggestthat theerrors
producedaretypically quitesmall.

4 Summary of Results

We arenow readyto summarizethe main resultsandconclusionsof this paper. As alreadystated
themainfocusof thepaperis towardsengineeringwell known shortestpathalgorithmsin apractical
setting.Anothergoalof thispaperis alsoto provide reasonsfor andagainstcertainimplementations
from a practicalstandpoint.We believe thatour conclusionsalongwith theearlierresultsin [ZN98,
CGR96]providepractitionersanusefulbasisto selectappropriatealgorithms/implementations in the
context of transportationnetworks. The generalresults/conclusionsof this paperaresummarized
below.

1. We concludethat the simpleBinary heapimplementationof Dijkstra’s algorithmis a good
choicefor finding optimalroutesin real roadtransportationnetworks. Specifically, we found
thata certaintypesof data-structurefine tuningdid not significantlyimprove theperformance
of our implementation.

2. Our resultssuggestthat heuristicsolutionsthat aim at using the geometricstructureof the
graphsareattractive candidatesfor future research.Our experimentalresultsmotivatedthe
formulationandimplementationof anextremelyfastheuristicextensionof thebasic � � algo-
rithm thatseemsto yield nearoptimalsolutions.

3. Wehaveextendedthisalgorithmin twoorthogonalandimportantdirections;(i) timedependent
networks and (ii) multi-modal networks. Theseextensionsare significantfrom a practical
standpointsincethey arethemostrealisticrepresentationsof theunderlyingphysicalnetwork.
Weperformsuitableteststo calculatetheslow downexperiencedasaresultof theseextensions.

4. Ourstudysuggeststhatbidirectionalvariationof Dijkstra’s algorithmis not suitablefor trans-
portationplanning.Ourconclusionsarebasedontwo factors:(i) thealgorithmisnotextensible
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to moregeneralpathproblemsand(ii) therunningtimeof thealgorithmis morethan � � algo-
rithm.

5 Experimental Setupand Methodology

In this sectionwe describethe computationalresultsof our implementations.In order to anchor
researchin realisticproblems,TRANSIMS usesexamplecasescalledCasestudies(See[CS97]for
completedetails).Thisallowsusto testtheeffectivenessof ouralgorithmsonreallife data.Thecase
studyjust concludedwasfocusedon DallasFort-Worth (DFW) Metropolitanareaandwasdonein
conjunctionwith Municipal PlanningOrganization(MPO) (known asNorth CentralTexasCouncil
of Governments(NCTCOG)).Wegeneratedtrips for thewholeDFW areafor a24hourperiod.The
input for eachtravelerhasthe following format: (startingtime, startinglocation,endinglocation).2

Thereare10.3million Trips over 24 hours.Thenumberof nodesandlinks in theDallasnetwork is
roughly9863,14750respectively. Theaveragedegreeof a nodein thenetwork was2.5. We route
all thesetrips throughtheso-calledfocusednetwork. It hasall freeway links, mostmajorarterials,
etc. Insidethis network, thereis an areawhereall streets,including local streets,arecontainedin
thedatabase.This is thestudyarea.We initially routedall trips between5amand10am,but only
thetripswhichdid go throughthestudyareawereretained,resultingin approx.300000trips. These
300000tripswerere-plannedoverandoveragainin iterationwith themicro-simulation(s).For more
details,see,e.g.,[NB97, CS97].A 3%randomsampleof thesetripswereusedfor ourcomputational
experiments.Finally, thenumberof Links of eachclassis asfollows:

Class Type Number Number
(Oct 96) Feb 97

0 Centroid 2964 1422
1 Freeway 1962 1984
2 Principle Art. 2056 1251
3 Minor Art. 5079 2843
4 Collector 3830 2196
5 Local Street 144 1986
6 Freeway Ramp 2704 2124
7 Frontage Road 1037 944

Table1: Summaryof individual link typesin DallasFt WorthArea.Thethird columnsummarizes
thenumbersfor thenetwork usedin October1996study. Thenumbersin thefourthcolumn

summarizethenumbersfor theFebruary1997network. As onecanseethebiggestchangein the
numbersis in thelocal streets.Thenew network usedhasthesestreetsencodedandthusis usedby

theplannerto routeplans.

Preparing the network. Thedatareceivedfrom DFW metrohadanumberof inadequaciesfrom the
pointof view of performingtheexperimentalanalysis.Thesehadto becorrectedbeforecarryingout
theanalysis.Wementionafew importantoneshere.First,thenetwork wasfoundto haveanumberof
disconnectedcomponents(small islands).We did not consider�"!#����� pairsin differentcomponents.
Second,a moreseriousproblemfrom an algorithmicstandpointwasthe fact that for a numberof
links, thelengthwaslessthantheactualEuclideandistancebetweenthethetwo endpoints.In most

2This is roughlycorrect,thereality is morecomplicated,[NB97, CS97].
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cases,this wasdueto an artificial conventionusedby the DFW transportationplanners(so-called
centroidconnectorsalwayshave length10m, whatever theEuclideandistance),but in somecasesit
pointedto dataerrors. In any case,this discrepancy disallows effective implementationof � � type
algorithms.For this reasonwe introducethenotionof the“normalized”network: For all “too short”
links wesetthereportedlengthto beequalto theEuclideandistance.

We alsocarriedout preliminaryexperimentalanalysisfor the following network modifications
that could be helpful in improving the efficiency of our algorithms. Theseinclude: (i) Removing
nodeswith degreeslessthan3: (Includescollapsingpathsandalsoleaf nodes)(ii) Modifying nodes
of degree3: (Replaceit by a triangle)
Hardwareand SoftwareSupport. TheexperimentswereperformedonaSunUltraSparcCPUwith
250 Mhz, runningunderSolaris2.5. 2 gigabytemain memoryweresharedwith 13 otherCPUs;
our own memoryusagewasalways150 MB or less. In general,we usedthe SUN WorkshopCC
compilerwith optimizationflag-fast.(Wealsoperformedanexperimentontheinfluenceof different
optimizationoptionswithout seeingsignificantdifferences.)The advantageof the multiprocessor
machinewasreproducibilityof the results,as the operatingsystemhasno needto interruptsince
requestsby otherprocessesweredelegatedto otherCPUs.
Experimental Method We usedthenetwork describedup front. We picked 10,000arbitraryplans
from thecasestudy. Weusedthetiming mechanismprovidedby theoperatingsystemwith granular-
ity .01seconds(1 tick). Weperformedexperimentsonly if thesystemloaddid notexceedthenumber
of availableprocessors,i.e. processorsdo not getshared.As long asthis conditionwasnot violated
duringtheexperiment,therunningtimeswerefairly consistent,usuallywithin relative errorsof 3%.

We used(a subset)of thefollowing valuesmeasurablefor a singleor a specificnumberof com-
putationto concludethereportedresults

� (average)runningtimeexcludingi/o
� numberof nodesfringe/expanded
� picturesof fringe/expandednodes
� maximumheapsize
� numberandlengthof thepath

Software DesignWe areusingtheobjectorientedfeaturesaswell asthe templatingmechanismof
C++ to easilycombinedifferentimplementations.We alsousepreprocessordirectivesandmacros.
Wedonotusevirtual methods(evensoit is temptingto createapurelyvirtual “network” baseclass)
to avoid unnecessaryfunctioncalls(by thisenableinlining of functions).

Thereareclassesencapsulatingthefollowing elementsof thecomputation:
� network (extensibilityanddifferentlevelsof detailleadto small,linearhierarchy)
� plans: �"!#���#� pairsandrealpaths,startingtime
� heap
� labelingof thegraphandusingtheheap
� storingtheshortestpathtree
� Dijkstra’s algorithm

As to beexpected,this approachleadsto a formaloverheadof functioncalls.As it turnsout, the
compileroptimizationcantake careof this fairly well. (Thereis a factorof 2-3differencein running
timebetweendebuggingflagandfull optimization.)
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6 Experimental Results

DesignIssuesabout Data StructuresWe begin with thedesigndecisionsregardingthedatastruc-
turesused.

A numberof alternative datastructureswere consideredin the hopeof investigatingif these
improvementsresultsin substantialimprovementin therunningtime of thealgorithm. Thealterna-
tivestestedincludedthefollowing. (i) ArraysversusHeaps, (ii) DeferredUpdate,(iii) HashTables
for StoringGraphs,(iv) SmartLabel Reset(v) Heapvariations,and(vi) structof arraysvs. array
of structs. Appendixcontainsa more detaileddiscussionof theseissues. We found, that indeed
goodprogrammingpractice,usingcommonsenseto avoid unnecessarycomputationandtextbook
knowledgeon reasonabledatastructuresareusefulto getgoodrunningtimes. For the alternatives
mentionedabove, we did not find substantialimprovementin therunningtime. More precisely, the
differenceswefoundwerebiggerthantheunavoidablenoiseonamulti-usercomputingenvironment.
Nevertheless,they wereall below 10%relative difference.Thus,we do not discusstheseresultsin
furtherdetail.
Analysisof results.TheplainDijkstra,usingstaticdelayscalculatedfrom reportedfreeflow speeds,
producedroughly100planspersecond.Figure1 illustratestheimprovementby theobatinedby ��� .
Thenumbersshown in thecornerof thenetwork snapshotstell anaverage(100repetitions)running
time for this particularO-D-pair, (destroying hasheffectsbetweensubsequentruns)in systemticks.
It alsogivesthenumberof nodesexpandedandfringenodes.Notethechangedscaleof thedepictions
dueto thedifferentnodesexpanded.Overallwefoundthat � � is fasterthanbasicDijkstra’salgorithm
by roughlya factorof 2. Also, recall that for theoriginal network Sedgewick andVitter’s heuristic
wasnot applicable:it turnedout that thereexist somelinks thathave reportedlengthmuchsmaller
(factor 100) than the Euclideandistanceof the endpoints. To be able to conductany reasonable
experiment,we modified(“normalized”) the network asreportedabove: If necessarythe reported
lengthwaschangedto Euclideandistance,to ensurethecorrectinequality.
Modified �$� (Overdo Heuristic) Next considerthemodified �$� algorithm– theheuristicis param-
eterizedby the multiplicative factorusedto weigh the Euclideandistanceestimateto the desitna-
tion. We call it theoverdo parameterdueto obviousreasons.As a resultit is naturalto discussthe
time/qualitytrade-off of theheuristicasa functionof theoverdoparameter. Figure2 summarizesthe
performance.In thefiguretheX-axisrepresentstheoverdofactor, beingvariedfrom 0 to 100in steps
of 1. TheY-axisis usedfor multipleattributeswhich we explainbelow. First, it is usedto represent
theaveragerunningtime perplan. For this attribute, thescaleis .02 secondsperunit. As depicted
by thesolid line theaveragetimetakenwithoutany overdoatall is 12.9microsecondsperplan.This
representsthebasemeasurement(without takingthegeometricinformationinto account).Next, for
overdovalueof 10 and99 the runningtimesarerespectively 2.53and.308microseconds.On the
otehrhand,the quality of the solutionproducedby the heuristicdetioratesasthe overdofactor is
increased.We usedtwo quantitiesto measuretheerror— themaximumrelative errorincurredover
10000plansandthemoreinterestinglythenumberof plansworsethana giventhresholderror. The
maximumrelative errorrangesfrom 0 for overdofactor0 to 16%for overdovalue99. For theother
errormeasure,we plot onecurve for eachthresholderrorof 0%, 1%, 2%, 5%, 10%. Thefollowing
conclusionscanbedrawn from our results.

1. The running times improve significantlyas the overdo factor is increased.Specificallythe
improvementsarea factor5 for overdoparameter10andalmosta factor40 for overdoparam-
eter99.
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ticks 2.40, #exp 6179, #fr 233

ticks 0.64, #exp 1446, #fr 316

Figure1: Figureillustratingthenumberof expandednodeswhile running(i) Dijkstra (ii) ��� algo-
rithms. As the figuresclearlyshow the � � heuristicclearly is muchmoreefficient in termsof the
nodesit visits. In both the graphs,the path is outlinedasa dark line. The fringe nodesand the
expandednodesaremarkedasdarkspots.Theunderlyingnetwork is shown in light grey.
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Figure2: Influenceof the“Overdo”-Parameteron runningtimeandqualityof paths

2. In contrast,the quality of solutionworsensmuch moreslowly. Specifically, the maximum
error is no worsethan16%for themaximumoverdofactor. Moreover, althoughthenumber
of erroneousplansis quitehigh (almostall plansareerroneousfor overdofactorof 99),most
of themhave small relative errors.To illustratethis, notethatonly around15%of themhave
relative errorof 5%or more.

3. The experimentsand the graphssuggestan “optimal” valueof overdo factor for which the
running time is significantly improved while the solutionquality is not too bad. Thus our
experimentsarea stepin trying to find anempiricaltime/performancetrade-off asa function
of theoverdoparameter.

4. Wealsofoundthatthenear-optimalpathsproducedwerevisuallyacceptableandrepresenteda
feasiblealternative routeguidingmechanism.Thismethodfindsalternativepathsthatarequite
differentthanonesfoundby the % -shortestpathalgorithmsandseemmorenatural.Intuitively,
the % -shortestpathalgorithms,find pathsvery similar to theoverall shortestpath,exceptfor a
few local changes.

7 Discussionof Results

First, we note that the running times for the plain Dijkstra are reasonableaswell assufficient in
thecontex of theTRANSIMS project.Quantitatively, this meansthefollowing: TRANSIMS is run
in iterationsbetweenthemicro-simulation,andthe plannermodules,of which the routeplanneris
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ticks 0.10, #exp 140, #fr 190
Figure3: for illustration only: two instancesof Dijkstrasalgorithmswith a very high overdopa-
rameterstartat origin anddestinationrespectively. Oneof themreally createstheshown path,the
beginningof theotherpathis visibleasa “cloud” of expandednodes

onepart. The Portlandnetwork we areintendingto usehasabout120000 links andabout80000
nodes.Simulating24 hoursof traffic on this network will take about24 hourscomputingtime on
our 14 CPUmachine.Therewill beabout1.5 million trips on this network. Routingall thesetrips
shouldtake &('*),+�&.-0/ trips +(-�'*) sec/trip 132 dayson a singleCPUandthuslessthan1 dayon our
14 CPUmachine.Sincere-routingtypically concernsonly 10%of thepopulation,we would need
lessthan3 hoursof computingtimefor there-routingpartof oneiteration,still significantlylessthan
themicro-simulationneeds.

Our resultsandthenecessarycontstraintsplacedby thefunctionalityrequirementof theoverall
systemimply thatbidirectionalversionof Dijkstra’salgorithmis notaviablealternative. Tworeasons
for this are:(i) Thealgorithmcannot beextendedin a directway to pathproblemsin a multi-modal
andtimedependentnetworks,and(ii) therunningtimesof � � is betterthanthebidirectionalvariant;
themodified � � is muchmorefaster.

Wehave recentlybegunresearchfor thenext casestudyprojectfor TRANSIMS.Thiscasestudy
is going to be donein Portland,Oregon andwaschosento demonstratethe validateour ideasfor
multi-modaltime dependentnetworkswith public transportationfollowing a scheduledmovement.
Our initial studysuggeststhat we now take .5 secondsper plan asopposedto .01 secondsin the
DallasFt-Worth case.All theseextensionsareimportantfrom thestandpointof finding algorithms
for realistictransportationroutingproblems.Wecommentonthis in somedetailbelow. Multi-modal
networksareanintegral partof mostMPO’s. Findingoptimal(or near-optimal) routesin this envi-
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ronmentthereforeconstitutesa realproblem.In thepast,solutionsfor routingin suchnetworkswas
handledin anadhocfashion.In [BJM98], we have proposedmodelsandcorrespondingalgorithms
to solve suchproblems.

Next consideranotherimportantextension— namelyto time dependentnetworks. In this case
the edgelengthis assumedto bea functionof time. We make an importantmodelingassumption,
namelyit doesnotpayapersonto wait. Thisneednotbetruein generalbut is adequatefor mostpur-
poses.This impliesthat theedgelengthfunctionis monotonicallynon-increasing.Time dependent
networks canalsobeusedto modelspublic transportationsystemswith fixedschedules.By using
an appropriateextensionof the basicDijkstra’s algorithm,onecancalculateoptimal pathsin such
networks.

8 Conclusions

The computationalresultspresentedin the previous sectionsdemonstratethat Dijkstra’s algorithm
for findingshortestpathsis aviablecandidatefor computerouteplansin a routeplanningstageof a
TRANSIMS like system.In fact,evenmoreinterestingly, theresultsdemonstratethatthealgorithm
thathasoptimizedwell compareswell (or evensometimesbetter)thanseveralheuristicsproposedin
the literature.Thussuchanalgorithmshouldbeconsideredevenfor ITS typeprojectsin which we
needto find routesby anon-boardvehiclenavigationsystems.

In thecontext of theTRANSIMSproject,wearefacedwith theproblemof routingmany millions
of trips in iterationwith amicro-simulation.Mosttripshaveentirelydifferentcharacteristics,suchas
differentstartinglocations,differentstartingtimes,anddifferentpreferencestowardsmodechoice.
This leadsto theconsiderationof one-to-oneshortestpathalgorithms,asopposedto algorithmsthat
constructthe completeshortest-pathtree from a given starting(or destination)point. As is well
known, the worst-casecomplexity of one-to-oneshortestpathalgorithmsis the sameasof one-to-
all shortestpathalgorithms. Yet, in termsof our practicalproblem,this is not applicable.First, a
one-to-onealgorithmcanstopassoonasthedestinationis reached,saving computertimeespecially
whentrips areshort(which oftenis thecasein our setting).Second,sinceour networksareroughly
Euclidean,onecanusethis factfor heuristicsthatreducecomputationtimeevenmore.Oneheuristic,
theSedgewick-Vitter or A � algorithm,generatesresultsthatareprovablyoptimal,but is aheuristicin
thesensethat theworst-casecomplexity doesnot getany betteralthoughpracticalcomputingtimes
decrease.Onecanextendtheapproachof Sedgewick-Vitter or A � towardsa “true” heuristicwhere
routesareno longeroptimal but computationtime goesdown even more. The above approaches
were evaluatedin the context of the TRANSIMS Dallas-Fort Worth casestudy. The underlying
roadnetwork wasa so-calledfocussednetwork, with all streetsincluding the local onesin a five
times five miles studyarea,andmoreand morestreetsleft out whengoing away from the study
area. For that case,SV/A � turnsout to be abouta factorof two fasterthan regular Dijkstra; the
secondheuristiccouldsave, for example,anotherfactorof 5 while generatingresultswithin 1% of
theoptimalsolution.

Making the algorithmstime-dependentin all casesslowed down the computationby not more
thana factorof two. Sincewe areusinga one-to-oneapproach,addingextensionsthat for example
includepersonalpreferences(e.g.modechoice)arestraightforward; preliminarytestslet usexpect
slow-downs of not morethana factor30. This apperentlymainly inducedby an quadrupelednet-
work (splitting links andaddingbustopology),complicatedtimedependency functionsrepresenting
scheduledbussesandpresumablymostimportby thedifferenttypeof delaysinducingaqualtitatively
differentexplorationof the network by the algorithm. Extrapolationsof the resultsfor a Portland
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problem(the next TRANSIMS casestudy)show that, even whentime-dependentandwith the ex-
tensions,therouteplanningpartof TRANSIMSstill usessignificantlylesscomputingtime thanthe
micro-simulation.

Last, we want to mentionthat undercertaincircumstancesthe one-on-oneapproachchosenin
this papermayalsobeusefulfor ITS applications.This would bethecasewhencustomerswhould
requirecustomizedroutesuggestions,so that re-usinga shortestpathtreefrom anothercalculation
mayno longerbepossible.
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Appendix: Description of BasicAlgorithms

In this section,we describethebasicalgorithmsconsideredin this paper. Most of theresultsin this
sectionarenotnew; werecallthemherefor completenessandfor descriptionof experimentalresults.

8.1 Dijkstra’ s Algorithm

Dijkstra’s algorithmsolvesthesinglesourceshortestpathproblemonaweighted(un)directedgraph
�����	��

� , whenall theedgeweightsarenonnegative. Let �>�@?A�CB�� denotetheweightof anedgein the
network.

Supposewe wish to find a shortestpathfrom � to � . Dijkstra’s algorithmmaintainsa set D of
verticeswhosefinal shortestpathsfrom the source� have beenalreadycomputed.The algorithm
repeatedlyfindsavertex in theset ?E�F�HG9D whichhastheminimumshortestpathestimate,adds?
to D andupdatestheshortestpathestimatesof all theneighborsof ? thatarenot in D . Thealgorithm
continuesuntil theterminalvertex is addedto D . In general,it is convenientto think of thevertices
in thegraphbeingdividedinto threeclassesduringtheexecutionof thealgorithm: (i) shortestpath
treevertices– (thosewhich have beenaddedto D andhencetheir shortestpathhasalreadybeen
determined,(ii) unseenvertices– thosefor which thedistanceestimateis I and(iii) fringe vertices
– thosethat areadjacentto the verticesin D but have themselvesnot beenaddedto D . Now each
iterationof the algorithmconsistsof addinga fringe vertex with minimum distanceto the shortest
pathtreeandupdatingits neighborsto befringe vertices.Usingthis terminology, initially, only � is
ashortestpathtreevertex, neighborsof � arefringevertices,andothersareunseenvertices.

DIJKSTRA’ S ALGORITHM outlinesthe stepsof the algorithm. In the remainderof the section,
we will use JK�@?L� to denotethecostof a shortestpathfrom � to ? . Wewill alsoassumethat MN�OM#PRQ
and M 
SM	PUT . Also, for a given vertex B let VW�@B�� denotethe setof neighborsof B i.e. VW�@B���PX �RMY�@BZ�C�[�\�E
�] . Finally, by thephraseextracta vertex from � wemeanchooseavertex anddelete
it from � .

DIJKSTRA’ S ALGORITHM:

� Input: �����	��

� - anetwork, asource� andadestinationvertex � andanon-negative weight
function ^`_Y
badc$e .

� 1. Initialization: Set DfPRg , �h�����iPj- and klBm�n�oG X ��]����l�@B��pPRI . Found = 0.

2. IterativeStep:while Found = 0 do

(a) Extract MinimumStep: Among all verticesBq�o�rGsD extract a vertex B with
minimumvalueof �h�@B�� . Set DfPoD�t X Bu] . If B�Pj� thensetFound = 1.

(b) Decrease(Update)Key: For eachedge �@BZ�C�[� , suchthat �v�9VW�@B�� , set �h�@���$Pw�xzy X �l�@�[�{���l�@B|�`}W�
�@BZ�C�[�~] .
� Output:A shortestpathfrom � to � , i.e. apath�SP>��B0���.'.'.'{B0��� whereB0��PH� and B0��Pj�

andtheweight �>�����|���;� ��;� � �
�@B �@�
� �CB � � is theminimumover all pathsfrom � to �
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8.2 Bidir ectionalDijkstra’ s Algorithm

The bidirectionalalgorithmhasbeenusedin the operationsresearchcommunityandanalyzedby
theoreticalcomputerscientistsproviding quantitative reasonsfor its improved performance.(See
[LR89, Ma] for moredetails.)Thebidirectionalsearchalgorithmconsistsof two phases.In thefirst
phasewealternatebetweentwo unidirectionalsearches:oneforwardfrom � , growing atreespanning
a setof nodes� for which theminimumdistancefrom � is known, andthesecondthatconsistsof
growing a treespanninga setof nodes� for which the minimum distancefrom � is known. We
alternatelyaddonenodeto � andoneto � until anedgecrossingfrom � to � is drawn. At this
point, theshortestpathis known to lie within thesearchtreesassociatewith � and � exceptfor one
additionaledgefrom � to � . A geometricinterpretationof thealgorithm(in which theedgeshave
unit weights)is asfollows:

We startgrowing a ball around � and � , at eachtime step,the ball grows by 1 unit (in
termsof radius). We stopthealgorithm,whenthe two ballscollide; i.e. thereexistsa
vertex that becomesa part of both the balls. The path �E����������� , where � is the
vertex wheretheballscollide,representstheshortestpathfrom � to � .

As mentionedearlier, in caseof weightedgraphwe alsoneedto consideroneextra crossfor the
possibleinclusionin theshortestpath.

Lemma 8.1 Thefollowingstatementshold:
(1) Theshortestpathfrom � to � hasat mostonecrossedge froma vertex in � to a vertex in � .

(2) �>�����9�
�f���p� ���
�����f���

Proof Sketch: We denote�
���$�W�>����� astheweightof theshortestpathfrom � to � goingthrough
� . Let ¡£¢¤�W���¦¥§�j¨��j©j���¦� denotea shortestpath that hasmore thanone edge. The
following inequalitiesareimmediatefrom thecorrectnessof Dijkstra’s algorithmandthefactthat ¡
is ashortestpath: �
���ª�S¥L�K«E�
�@¥[�¬¨­��®��
���Y¯~�u� and �
�@�u�S©u�K«E�
�@©��¬¨­�=®��
�@©h¯~�u� . This implies
�
�����f¥��L«W�
�@¥O��¨ª�A«��
�@�ª�f©u�L«��
�@©>��¨­�=®��>����¯~�u�°«��
�@©h¯~�u� which is a contradiction.
Part 2: Let ussaythatshortestpathfrom � to � is of theform �����R¥O��©O���o� , where¥§±�� and
©9±�� . The following inequalitiesareimmediate: �>����¯~�u�>�²�
�����q¥��ª« �
�@¥³�q©|�{´µ�
�@©h¯~�u�
�
�
�@�Y�¶©u�(«m�
�@©p�¶¥�� . This implies �>����¯~�u�(«m�
���h¯C©u�����
���·�¶¥��(«m�
�@¥��¶©|�(«m�
�@�K�¶©|�(«m�>�@©i�¶¥����
���
�����f¥O�§©,�f��� .

In [LR89], the authorsshow that if the weightof eachedgein a completedirectedgraphwith¸ nodesis chosenfrom an exponentialdistribution, with high probability the bidirectionalsearch
terminatesafterexaminingasubstantiallyfeweredgesthantheunidirectionalsearch.

Theorem 8.2 Let ¹Z¯~º�¯�» beconstants.Definea family of probability distributionsover a ¸ -nodedi-
rectedgraphwith edge weights,onedistribution for for each ¸ . each edge �@¼~¯¾½K� hasa probabilityof
�"¹p¿;À0Á ¸ �CÂ(º of beingpresent.For thoseedgesthat are chosen,the lengthof theedge ÃÅÄ is indepen-
dentlychosenaccording to a probability distribution whosedensityfunction Æ(Ä hasa valuebounded
betweenº and » . Theexpectedtimeto finda �i��� shortestpathusingbidirectionalsearch is Ç5�7È ¸ � .
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8.3 A Modification For EuclideanGraphs: É>Ê -Algorithm

Whentheunderlyingnetwork is Euclidean,it is possibleto improve theaveragecaseperformanceof
Dijkstra’s algorithm.Euclideangraphsaredefinedasfollows. Theverticesof thegraphcorrespond
to points in ËhÌ andthe weight of eachedgeis proportionalto the Euclideandistancebetweenthe
two points.Typically, while solvingproblemson suchgraphs,theinherentgeometricinformationis
ignoredby theclassicalpathfinding algorithms.Thebasicideabehindimproving theperformance
of Dijkstra’s algorithm is from Sedgewick and Vitter [SV86] and is originally attributed to Hart
NilssonandRaphel[HNR68] is simpleandcanbe describedasfollows. To build a shortestpath
from � to � , we usethe original distanceestimatefor the fringe vertex suchas ¥ , i.e. from � to
¥ (asbefore)plus the Euclideandistancefrom ¥ to � . Thuswe useglobal informationaboutthe
graphto guideour searchfor shortestpathfrom � to � . To formalizethis, define �F�@¥A¯C©u� to be the
Euclideandistancebetween¥ and © anddefine ÃC�@¥A¯C©u� to be the shortestpath from ¥ to © in the
graph. The lengthof the pathasusualis equalto the sumof the edgelengthsthat constitutethe
path:theweightof anedge �@¥°¯C©|� is definedto be �F�@¥A¯C©u� . Now eachfringevertex ¥ is assignedthe
following value: Í�ÎzÏ�ÐiÑÒÃÓ���Y¯C����«��n�@�,¯C¥��~Ô=«9�F�@¥A¯C��� Theresultingalgorithmrunsmuchfasterthan
Dijkstra’s algorithmon typical graphsfor thefollowing reasons:(i) Theshortestpathtreegrows in
thedirectionof � and(ii) Thesearchof theshortestpathcanbe terminatedassoonas � is addedto
the to the shortestpathtree. The correctnessof thealgorithmfollows from the fact that �n�@¥°¯C�C� is
a lower boundon ÃC�@¥°¯C�C� . Anotherway to interpretthealgorithmandits correctnessis by usingthe
conceptof vertex potentials– anideafirst usedby Gabow.
Conceptof Vertex Potentials. Eachvertex is assigneda non-negative value �F�@¥�� – calledits po-
tential. Theintuition is thatwhenyou entera vertex � we receive �n�@�|� dollarswhich arededucted
from the pathandwhenwe leave a vertex we addthat amountof money to the path. Using these
potentials,let usdefinethelengthof theedgesasfollows

Õ �@ÖA¯C�|�\±�×�¯�ØÃÙ�@Ö°¯C���p¢jÃC�@ÖA¯C���°«W�F�@Ö��°���F�@���
Thepotentialsarecalledadmissibleor feasibleif thenew lengthsareall positive. Thefollowing

theoremshows thatthetheshortestpathsin thegraphwith modifiedweightsremainsthesame.

Theorem 8.3 Let � bea setof admissiblevertex potential. Thenthe weightof a path ÚW¢
ÛÜ�O¢
�KÝÞ¯.ß.ß.ß~��à�¢s�=� from � to � is givenby

Ø�¶��Ú��­¢
�záhâã

�zá Ý
ÃC�@� � � �zä Ý{�·«W�F�����°���F�@���

In otherwords the lengthof each path from � to � is changed by thesameconstantadditivefactor.
Thusif Ú is a shortest�[�W� path in theoriginal graph thenit is still theshortestpath in thegraph
with modifiededge weights.

Proof: Considera path Úå¢
Ûæ�9¢ç�#ÝÞ¯.ß.ß.ß��(àF¢¦�E� . Clearly its weight undermodifiedweight
functionis

Ø�
��ÚL�è¢ �záhâã

�zá Ý
ØÃC�@� � � �;ä Ý �
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¢ �záhâã

�zá Ý
ÃC�@� � � �;ä Ý{�·«q�n�@� � �`���F�@� �zä Ý{�

¢ �záhâã

�zá Ý
ÃC�@� � � �;ä Ý{�·«q�n���(�°���F�@�C�

Ø�
��ÚL�è¢ �>��Ú��·«W�F�����°�9�n�@���

8.4 Modified É
Ê
We briefly discusssomeof theheuristicimprovementsto thebasicé Ê algorithmthatcanbeusedin
practice.Again, recall that in many practicalsituations(includingTRANSIMS), it is not necessary
to find exactshortestpaths– approximatelyshortestpathssuffice. Wetried two heuristicsolutionsin
thiscontext.
(1) The modified é Ê algorithm. Recall that the currentlabel of a vertex consistsof two compo-
nents— its shortestdistanceto the sourceandan estimate(usuallythe Euclideandistance)to the
destination.By choosinganappropriatemultiplicative factor, wecanincreasethecontribution of the
secondcomponentin calculatingthe labelof a vertex. Froma intuitive standpointthis corresponds
to giving the destinationa high potential,in effect biasingthe searchtowardsthe destination.The
resultingpathsclearlyneednot beoptimal. By choosingthe appropriatebiasfactor, onecantypi-
cally get fasteralgorithmsat the costof accuracy. As our resultsin Section6 point out, it appears
thatanappropriateconstantresultsin a very goodtrade-off betweenqualityof solutionandthetime
required.
(2) Combining é Ê with Bidir ectional Search Thediscussionin theabove sectionssuggestscom-
bining thebidirectionalsearchheuristicwith the é Ê search.Onepossibleway to do it is to usetwo
potentials��êÒ�@ÖL� and �>ë~�@Ö�� for eachvertex, thepotentialsreflectingthe lower bounds(usuallyge-
ometricdistances)of Ö from � and � . A naive of implementingthis ideais unfortunatelyincorrect,
sincethe two potentialsimply building shortestpath treesfrom � and � . As shown in [SI+97], a
modifiedpotentialsufficesto ensurethecorrectnessof thealgorithm.

9 Discussionon Data Structures

(1) Arrays versusHeaps. In a naive implementationof the algorithmusinganarray ì , in which
for eachvertex, � � we storethevalueof �h�@� � � in location ìS�@¼Ù� . In eachiterationExtract Minimum
Key takes Ç�� ¸ � time (finding a minimumvaluein anunsortedarraytakes Ç�� ¸ � time) andDecrease
Key takestime Ç��"�#íïîh�@�|�C� . Here �#íïîh�@�|� denotesthedegreeof � . Thetotal runningtime is therefore
�§ð Ç5� ¸ «H�#íïîh�@�|�C�S¢çÇ�� ¸·ñ «Rò³� . Using Binary Heaps(ashasbeendonein the currentimple-
mentationof thealgorithm),we canimprove therunningtime. First considerExtract MinimumKey
operation.Thetime to do this is Ç5�"¿;À0Á ¸ � sincewesimplypick thetop of theheapandthenprocess
thedatastructureto maintaintheheapproperty(usingHEAPIFY). Next considertheDecreaseKey
operation.This operationtakestime Ç��"�#íïîh�@�|�#¿;À0Á ¸ � for the following reason.We needto update
the distanceestimatefor eachof the �Kíïî��@��� neighbors,eachoperationtaking time Ç5�"¿;À0Á ¸ � . The
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time to build the heapfor the first time is Ç5� ¸ � . Thus the total runningtime of the algorithmis
�§ð`Ç5�C�"¿;À0Á ¸ �i«j�Kí.îh�@���#¿;À0Á ¸ �C�>¢óÇ�� ¸ ¿;À0Á ¸ «jòR¿;À0Á ¸ �>¢óÇ�� ¸ «jò³�#¿;À0Á ¸ . We alsoconsidered
usingFibonacciHeaps.Our experimentalanalysisrevealedthat typically thenumberof nodesthat
arekeptin aheapis around500;thususingamoresophisticateddatastructurewith higherconstants
wasnot likely to yield betterresultsin practice.UsingFibonacciheapscouldpotentiallyimprove the
theoreticalrunningtime of thealgorithmby of ¿;À0Ál�@ô�� , whereô denotesthemaximumheapsizeat
any stageof theexecution.This impliesanimprovementof at mosta factorof õ . But theconstants
with theheapoperationsandthecomplicatedcodefor implementingthis datastructureweighmore
heavily againstit.

(2) Deferred Update. Recallthatwe needto updatethevaluesof thedistanceestimatesin Step2b
of DIJKSTRA’ S ALGORITHM. Assumethattheheapis ô , anddegreeof a node� being � ð , it would
take roughly �(� ð ¿;À0Ápô operationsto updatethedistanceestimates.Thereasonfor this is asfollows:
We canmaintainanauxiliary arraythatkeepspointersto thenodesin theheap.Every time a nodes
distanceestimateis updated,thenodemovesthroughtheheap(asa partof HEAPIFY operation)to
settlein thefinal position. During the courseof this othernodeson its pathalsochangepositions.
Thisimpliesthatthepointedvaluesfor eachof thenodesneedbeupdated.(Weareassuminganarray
implementationof theHeap.)Anotherpossiblewayto dothis is to insertmultiplecopiesof anodein
theheap.In thisway, thetimetakenis roughlyproportionalto addingthesenodesplustheadditional
factordependingon the sizeof the heapfor future operations.Again, let � ð denotethe degreeof
a nodeand ��ö=÷�ø be the maximumdegree. Thenthe heapsizegrows at mostby a multiplicative
factorof ��ö=÷�ø . SincetheHeapoperationstake timeroughly ¿;À0Áiô this impliesthatthetotal time for
executingStep2b is no morethan � ö=÷�ø ¿zÀ0Ál�"� ö=÷�ø ô�� which is � öp÷~ø �"¿;À0ÁiôÜ« ¿;À0Á=� ö=÷�ø � . Typically,
theaveragedegreeof a nodein theCasestudynetwork is �#ß*ù��Üú andyou expectthat it only gets
insertedroughlyonly by half its neighborsresultingin anaverageincreaseof no morethan û on the
sizeof theheap.This impliesthatwespendonly anadditionaladditive factorof �(� ð for eachrunof
Step2b.

(3) HashTablesfor Storing Graphs. Thegraphor theinputwereceivedfrom DallasMPOconsists
of long Link andNodeId’s. Althoughthenamingconventionis usefulfor in othercontexts, sucha
namingconventionyieldsa inefficient useof thedomainspace.To illustratethepoint, the link and
the nodeIt’s given weretypically madeof 32 bits long. Thusthe namespaceof for the nodesis
roughly �(ü ñ . In contrastthenumberof nodesis roughly ý.þ(ÿ$�R� Ý ñ . Sucha discrepancy immediately
motivatedauseof hashtablesto improve thenamingspaceutilization. WeusedaHashTableof size
roughly � Ý ÿ (i.e. addressis bits long). Oneimportantreasonfor doingthis is clearly theefficiency
gainedduringaccessingthelongnames.Theefficiency is obtainedfor two possiblereasons.Thefirst
andmoreimportantreasonis that thearrayusedto storethestructure(information)associatedwith
eachnodeis smallenoughto typically fit thefirst level cache.In contrastarraysof size � ü ñ will never
a fastcacheandthuswill imply a significantincreasein theprocessingtime. It is well known that
memoryaccessis significantbottleneckin thedesignof fastalgorithms.Anothersmallreasonis that
smallwordsmight beusefulin efficient accessof memorycontents.Also, notethat theHashtable
needsto beaccessedonly duringinputandoutputof theplansandthustheprocessis notexpensive.

(4) Smart Label ResetWe now discusstheimprovementperformedin thecontext of finding paths
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for a numberof travelers.Notethat in Step1 we needto setthedistanceestimatesof all thenodes
to be initialized to infinity. This takes Ç�� ¸ � time per run of thealgorithm. We insteadrelabelonly
thosenodeswhoselabelshavechangedduringthecourseof thealgorithm.Thissimplyconsistsof the
nodesthatwereatanytimeinsertedin theheap.Sinceonanaveragethetotalnumberof nodesvisited
is a small fractionof thetotal numberof nodes(in fact is Ç�� È ¸ � for bidirectionalimplementation)
thisyieldssignificantimprovementsin therunningtimeof thealgorithm.

(5) Heap tricks At theinnermostloop of our heapimplementationaretwo smalldetails:oneis the
teston a specialcaseat the endof the heap.This testcanbe replacedby settingunusedelements
of the arrayto the valueinfinity, by this replacingan operationin the loop by (possibly)onemore
iterationin theloop. Theotherpossibilityis to “streamline”thecomparisonatthisloopfrompossibly
four down to three.
(6) struct of arrays vs. array of structs Following objectorienteddesigngoalsoneendsuphaving

different,independentarraysfor storingdatafor thenetwork, label-settingandtheshortest-path-tree
module.Consideringcachingbehavior of theprocessorit seemsadvantageousto combinetheseto
onebig arrayof structshaving entriesfor thedifferentmodules.
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